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The growth of polyolefin particles in heterogeneous catalyzed polymerization reactors
is simulated often by reaction-transport models that introduce certain ad hoc effecti®e
spatial scales to the description of particle morphology and transport processes inside
the particles. Because predicti®e capabilities of such models with respect to particle
morphogenesis are limited, a multiscale model of a growing particle is de®eloped. Maxi-
mum rele®ant information can be systematically extracted from particle microscopy im-
ages using the method of reconstructed porous media. The spatially 3-D replicas of the
particle pore space allow to calculate the effecti®e transport and mechanical properties.
Two new modeling techniques approximate catalyst particle fragmentation: Delaunay
triangulation generalized into a 3-D space with non-Euclidean metrics and disconnec-
tion of the skeleton representation of the solid phase. Predicti®e mesoscopic modeling of
particle morphogenesis is also discussed.

Introduction

Heterogeneously catalyzed polymerizations of olefins are
important industrial processes. The polymerization typically
starts from the supported porous catalysts of Ziegler-Natta,
chromium, or metallocene type, which are injected into the
process as particles with an approx. dia. of 10�50�m. The
stresses induced by the polymer which progressively fills the
catalyst pores cause the fragmentation of the catalyst carrier
in the early stages of particle growth. Catalyst fragments re-
main connected by the polymer phase, and this agglomerate
forms a porous polymer particle which grows as polymeriza-
tion proceeds. A fragmentation process is essential for main-
taining the sufficiently fast access of the monomer to active
catalyst sites originally located within the pores of the sup-
port. Since the final polymer particle with 0.2�3 mm dia. con-
tains only a small fraction of catalyst residues, catalyst sepa-
ration from the polymer particle is usually not required.

The single polymer particle can be viewed as a microreac-
tor, where heat and mass transport, polymerization reactions
and various other processes, such as polymer crystallization
and particle morphogenesis, take place. The properties of the
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final polymer product depend not only on the molecular ar-
Žchitecture of the polymer such as chain length distribution,

.comonomer content, and so on , but also on the morphology
of polymer particles, that is, the size and shape of particles
and the intraparticle distribution of pore and polymer phases.
These properties are greatly affected by the reactor operat-
ing conditions and by the architecture of the original catalyst
particle. For example, the behavior of Crrsilica catalysts used
for ethylene polymerization is strongly influenced by the
porosity of the silica support in ways that are not completely

Žunderstood McDaniel, 1985; Furtek, 1987; McDaniel et al.,
.1998 . Thus, polyethylene with a lower molecular weight can

Žbe produced on silicas having a larger pore-size Weckhuysen
.and Schoonheydt, 1999 .

The growth of polyolefin particles in heterogeneous cat-
alyzed polymerization reactors is often simulated by
reaction-transport models that introduce certain ad hoc ef-
fective spatial scales to describe particle morphology and
transport processes. Let us mention at least the polymer flow

Ž .model for example, Galvan and Tirrell, 1986 , the multigrain
Ž .model Floyd et al., 1986; Debling and Ray, 1995 , and the

Ž .dusty fluid model Kosek et al., 2001a . These models proved
to be useful for explanation of the particle overheating phe-
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Ž .nomenon Hutchinson and Ray, 1987 and discussion of the
possible broadening of the molecular weight distribution

Žcaused by the resistance against mass transport Hoel et al.,
.1994; McKenna et al., 1997 . However, the predictive capabil-

ities of these models with respect to particle morphogenesis
are limited, especially with regard to the fragmentation of
catalyst carriers and early stages of particle growth, which are
often believed to be crucial for the formation of final particle

Žmorphology Munoz-Escalona et al., 1984; Galli, 1994; Es-˜
.tenoz and Chiovetta, 2001 . Moreover, the setting of effective

Žmass and heat transport coefficients diffusivity, permeability,
.and heat conductivity in effective-scale models is somewhat

arbitrary because of their loose connection to particle mor-
phology. The simple concept of porosity and tortuosity is of-
ten employed and the effective transport properties are con-
sidered constant during the growth of a polymer particle.
Therefore, the calculation of the effective transport proper-
ties from the known mesoscopic structure of evolving pore or
general multiphase space is addressed in this article.

We attempt to develop a multiscale model of polyolefin
particle capable of better understanding the link between the
mesoscopic structure of the catalyst and polymer particle and
the practical physico-mechanical properties of the final prod-
uct. Our approach follows a path different from the standard
growing particle models�instead of effective spatial scale
averaging, we work directly with mesoscopic porous or multi-
phase media.

The first part of this article is focused on the systematic
extraction of information from particle microscopy images by

Ž .the method of reconstructed porous or multiphase media.
Ž .The spatially three-dimensional 3-D replica of particle pore

space allow us to calculate effective transport and mechani-
cal properties. In the second part of the article, we introduce
two techniques suitable for a computationally feasible esti-

Ž .mation of the catalyst particle fragmentation: a Delaunay
triangulation generalized into a 3-D space with a non-

Ž .Euclidean metrics, and b disconnection of the skeleton rep-
resentation of the solid phase, where the skeleton is obtained
by a conditional thinning procedure.

Finally, the outcomes of this mesoscopic modeling are crit-
ically discussed and the consecutive steps in the development
of complete predictive models of particle morphogenesis are
briefly outlined.

Characterization of the Pore Space of Catalyst and
Polymer Particles

ŽThousands of SEM, TEM scanning and transmission elec-
. Žtron microscopy or other microscopy images such as X-ray

.or atomic force microscopy of catalyst and polyolefin parti-
cles are available in industrial and academic research labora-

Žtories Munoz-Escalona et al., 1984; Kakugo et al., 1989; Galli˜
and Haylock, 1992; Debling and Ray, 2001; Ferrero et al.,

.1993; Ruddick and Badyal, 1997; Pater et al., 2001 . The ex-
traction of quantitative information from these images and
systematic linking of this information to the catalyst particle
architecture, reaction conditions, and final particle morphol-
ogy is an important task. Mesoscopic models of growing par-
ticles which are closely comparable to quantitative character-
istics of actual particle structures could help us in the de-
tailed and rigorous understanding of morphogenesis pro-

cesses, in the process improvements, in the design of new
catalysts, and in the adjustment of properties of final prod-

Ž .ucts Kosek et al., 2001b .
Both catalyst particles used for the polymerization of olefins

and the growing polymer particles are porous. Some silica-
based catalysts could be produced in the form of a dry pow-
der, while MgCl -supported catalysts are usually prepared2
and employed as slurries. MgCl -supported catalysts are ei-2
ther ball-milled or precipitated, and they may be represented
by a complex agglomerate of small crystallites as contrasted
with the branched pore network found in silica-supported

Ž .catalysts Ferrero et al., 1992 .
Results of traditional investigations of porous structures

depend on the experimental method being used, such as BET
isotherm measurement and mercury intrusion porosimetry
give significantly different estimates of specific surface area
and average pore-size of the MgCl catalyst, cf. Noristi et al.2
Ž .1994 . Moreover, mercury porosimetry could damage the
original porous structure and simple intrusion porosimetry
can’t provide pore-size distribution for most real samples.

As mentioned above, it is necessary to quantitatively char-
acterize these porous media and to estimate the effective
transport properties, that is, diffusivity, permeability, and heat
conductivity, in order to model the particle growth on an ef-
fective scale. The simple approximation of the effective diffu-
sivity Deff of the i-th component used in the effective scalei
models is

�
effD s D 1Ž .i i�

where D is the bulk diffusivity, � is the particle porosity, andi
� is the particle tortuosity. The estimation of Darcy’s perme-
ability of the pore space B is typically based on the geomet-0
rical model of the porous structure. For example, the Car-
man-Kozeny relation derived originally for the aggregated bed

Ž .of spheres gives Krishna and Wesselingh, 1997

² :2 24 r �
B s 2Ž .0 2180 1y�Ž .

² :where r is the mean pore radius. As can be seen from Eqs.
1 and 2, a porous medium could be characterized in an ele-

Žmentary way by several parameters porosity, tortuosity, and
.mean pore radius , and effective properties can be estimated

from correlations based on these parameters. However, the
choice of tortuosity and mean pore radius is somewhat arbi-
trary and cannot comprehend peculiarities of many porous
structures.

Let us briefly introduce the method of pore space charac-
terization and reconstruction, which generates 3-D represen-

Žtations of a homogeneous pore space that is, its statistical
characteristics are assumed to be independent of the spatial

.location by the analysis of 2-D SEM images of the catalyst or
polymer particles. At each spatial location x of the porous
sample, we can distinguish between the solid-phase and the

Ž .pore space; we define the phase function Z x

1 if x belongs to pore space,
Z x s 3Ž . Ž .½ 0 if x is in the solid-phase
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Statistical averages such as the porosity � and the two-point
Ž .correlation function of the pore space R u can be calcu-Z

Ž .lated from the phase function Z x

�sZ x 4Ž . Ž .
2w x w xR u s Z x y� Z xqu y� r �y� 5Ž . Ž . Ž . Ž . Ž .Z

where the overbar stands for the arithmetic mean overall x
and usIuI is the length of the translation vector u. The
correlation length

�
Ls R u du 6Ž . Ž .H Z

0

can serve as a measure of the mean pore-size.
In the first step of the reconstruction process, we binarize

Ž .a SEM image of a porous medium see Figure 1a , that is,
each pixel of the image is classified according to its color
either as a pore space or as a solid. Once the spatially 2-D

Ž .phase function Z x obtained, the porosity and the corre-2 D
Žlation function of the binarized image can be computed see

.Figure 1b . The SEM images have to be sufficiently homoge-
neous for the purpose of the reconstruction, that is, the
porosities calculated in different sectors of the image should
be approximately equal, as well as the correlation functions

Ž . Ž .R , u and R , u calculated in the x-th and y-th direc-Z x Z y
tions, respectively. Moreover, the correlation functions

Ž . Ž .R , u and R , u shall vanish for large values of u. TheZ x Z y
correlation function in the x-th and y-th directions are de-
fined by Eq. 5, where the translation vector u is

u ,0 for R uŽ . Ž .Z, x
us 7Ž .½ 0,u for R uŽ . Ž .Z, y

Ž .The generation of a random phase function Z x pos-3D
Žsessing the same statistical characteristics porosity and cor-

. Ž .relation function as the experimental phase function Z x2 D
Ž .obtained from SEM images is the key step in the recon-
struction process. A noncorrelated random field is generated
first; then, it is correlated and discretized by the successive
application of linear and nonlinear filters. A more detailed

Ždescription of this algorithm can be found in literature Ad-
.ler, 1992; Adler and Thovert, 1998 . Examples of the recon-

structed solid phase of the porous medium and its corre-
sponding pore phase are shown on Figures 1c and 1d.

Other alternative algorithms that could be employed for
the reconstruction of porous media are Poissonian genera-

Ž .tion of polydisperse spheres Thovert et al., 2001 or the
method of simulated annealing with the correlation

Ž . Ž . Žfunction s serving as target s Hazlett, 1997; Yeong and
.Torquato, 1998 . Periodic boundary conditions are usually

employed at the opposite walls of the reconstructed cube.
The good agreement between the two-point correlation func-
tions of a reference microscopy image and a reconstructed
3-D system does not ensure that the structures of the two

Ž .systems match well Biswal et al., 1999; Arns et al., 2001 .
Other useful two-point characterizations of porous structure

Žinclude the chord-length distribution function and the re-
.lated lineal-path function and the pore-size distribution

function. Different characteristics, such as Minkowski func-
Žtionals or probability density of the covering radius Thovert

.et al., 2001 could be also employed. A 3-D reconstruction of
porous silica particles could be also based on the process of
its formation, that is, aggregation of colloidal silica in several

Ž .steps, cf. Kurumada et al. 1998 . The 3-D structure of a
porous silica particle was also laboriously reconstructed from

Ž .serially obtained thin microtome sections Fink et al., 2001 .
Effective macroscopic transport properties of recon-

structed media can be determined by solving the local trans-
port and balance equations in the pore space. For example,
the diffusivity � and the permeability K geometrical tensors
could be calculated from the pore space geometry

1
JsyD� ��c, ©sy K ��p, 8Ž .ž /�

where J and © are the average molar flux density and the
average velocity, �c and �p are the concentration and the
pressure macroscopic gradients, and D and � are the bulk
diffusivity and the viscosity of the fluid, respectively.

Let us discuss the equations and the corresponding bound-
ary conditions used for the calculation of � and K tensors.
In order to obtain � , the Laplace equation �2cs0 with no-
flux boundary condition at the solid surfaces of the pores is
solved. The arbitrary nonzero concentration difference is ap-
plied between two opposite walls in the x-direction of the
porous cube, while periodic boundary conditions are em-
ployed on the remaining four walls. The average molar flux
density vector J is then evaluated from the computed con-

Ž .centration field c x . This allows one to obtain the x-column
of the diffusivity geometrical tensor � . The y- and z-columns
are consecutively calculated in an analogous way.

The calculation of the permeability tensor K requires to
iteratively solve Stokes equations

�ps��2© , �� ©s0 9Ž .

with the boundary condition of zero velocity © at the pore
surfaces. The algorithm for the evaluation of columns of K is
analogous to that of � �the pressure difference is consecu-
tively set between opposite walls in the x-, y- and z-direc-
tions and the corresponding average velocity field © is com-
puted once the solution of Stokes Eqs. 9 is known. The diffu-
sivity and permeability tensors are symmetrical for isotropic
porous medium and the effective diffisivity Deff and perme-
ability B are defined as0

1 1
effD s Dtr� , B s trK 10Ž .03 3

Several samples were reconstructed using the SEM pho-
Ž .tographs taken from Niegisch et al. 1992 , Kurumada et al.

Ž . Ž . Ž .1998 , McKenna et al. 1999 , and dos Santos et al. 2001 ,
and transport properties of these media were calculated. The
original SEM image, calculated correlation function, and the
reconstructed 3-D porous medium of the sample labeled as
‘‘DAV02’’ is illustrated in Figure 1. Percolation of all recon-
structed samples was tested. It is also possible to reconstruct
nonpercolating porous media of a low or high porosity.
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Figure 1. Pore space reconstruction process.
Ž .a Original SEM image of the catalyst particle ‘‘DAV02’’

Ž .from Table 1; b correlation function calculated from the
Ž .SEM image; c reconstructed solid phase of the catalyst

Ž .particle; d corresponding reconstructed pore space of the
catalyst particle.

Calculated diffusivities and permeabilities of this and other
samples are summarized in Table 1. The diffusivity of these
samples depends primarily on their open porosity, which is
obtained from the total porosity by subtracting the volume of
closed cavities formed in the solid phase by the pore space
reconstruction algorithm. Both the open porosity and the

Ž .mean pore diameter characterized by the correlation length
influence the value of permeability. It should be stressed that
effective transport properties presented in this table were

Table 1. Calculated Transport Properties of Pore Structures
Reconstructed from SEM Images�

2Sample � � � B rm Lr�mo 0
y151B1B 0.2495 0.2459 0.0466 9.65�10 2.139
y1 41AB 0.2913 0.2884 0.0691 1.68�10 2.181
y1 41B1A 0.3329 0.3309 0.0942 2.91�10 2.224
y1 6DAV01 0.5602 0.5550 0.2834 1.60�10 0.045
y1 6DAV02 0.6119 0.6111 0.3208 2.89�10 0.073
y1 6SIL01 0.5108 0.5106 0.2091 1.36�10 0.050
y1 6SIL03 0.5956 0.5954 0.3098 3.01�10 0.052
y1 2XER01 0.5892 0.5880 0.2976 5.20�10 7.9
y1 2XER02 0.6981 0.6976 0.4542 4.87�10 4.2

�
� is the overall and � is open porosity, � s D effrD is the ratio of effec-o
tive and bulk diffusivity, B is the permeability, and L is the correlation0
length. Smaples 1B1B, 1AB and 1B1A are polymer particles recon-

Ž .structed from McKenna et al. 1999 , DAV01 and DAV02 are silica sup-
Ž .ports reconstructed from Niegisch et al. 1992 , SIL01 and SIL03 are

Ž .silica supports reconstructed from Kurumada et al. 1998 , and XER01
Žand XER02 are silica supports reconstructed from dos Santos et al.,

.2001 .

calculated with no tunable parameters. If the porous struc-
Žture is not isotropic, several characteristic sections SEM im-

.ages have to be chosen, their characteristics have to be com-
puted independently and combined in the proper way
Ž .Mourzenko et al., 2001 .

Several studies comparing the calculated transport proper-
ties of reconstructed porous media with experimental data

Ž .were published recently Bekri et al., 2000 and those com-
parisons are satisfactory. However, generally, the comparison
of measured and calculated transport parameters of porous
catalyst particles are still rare. The results of the calculations
in Table 1 illustrate some possibilities of a characterization of
reconstructed porous media that could be compared with
transport properties of experimental samples. Such compar-
isons are the subject of our future work.

The experimental studies performed by Sliepcevich et al.
Ž .2000 in the packed chromatographic column indicate that
the characteristic length of diffusion in porous polypropylene
particle measured at pressures smaller than in industrial pro-
cesses is comparable with the particle diameter, that is, it is
larger than expected from the framework of the classical
multigrain image. However, the result of the pulse solid-gas
chromatography might strongly depend upon the elution dy-
namics and the speed of the response of a detector.

Catalyst Fragmentation
Propylene polymerization on the titanium-compound

Ž .Himont catalyst supported on porous MgCl particle under2
mild polymerization conditions results in the uniform growth
of polymer in particle pores and in the homogeneous frag-
mentation of the catalyst carrier, as it breaks up gradually
into smaller and smaller fragments as the polymerization pro-

Žceeds to yield a multigrain growth Ferrero et al., 1993; Noristi
.et al., 1994 .

On the other hand, SEM studies of early stages of propy-
lene polymerization on the silica-supported porous catalyst
showed the shrinking core model of particle fragmentation
Ž .Ferrero and Chiovetta, 1987; Bonini et al., 1995 . The poly-
mer starts to grow only in the outer layers of the catalyst
particle, clogs the pores, and the fragmentation is relatively

Ž .slow Steinmetz et al., 1997; Zechlin et al., 2000 . The find-
ings from SEM-images of microtome sections are also sup-
ported by kinetic rate profiles of the catalyst, as an induction
period corresponding to the particle with polymer-clogged
outer layers is observed.

Ž .McDaniel 1981 found that the most active Crrporous-
silica catalysts for ethylene polymerization tended to be the
most porous and that the fragility of porous supports is es-
sential. He further observed that the fragmentation of the
catalyst was complete within the first minute or two of ethy-

Ž .lene polymerization. However, Weist et al. 1989 found that
the total pore volume alone does not determine the potential
performance of a catalyst and is not the only controlling fac-
tor in the fracturing process. For example, the 2.3 cm3rg cata-
lyst support failed to fragment completely, although it has a
larger pore volume than the 1.7 cm3rg catalyst support which
fragmented well. Hence, the pore dimensions and the distri-
bution of these within the void network, as well as the rate of
polymer formation, controls the fragmentation. The rigid
structure of silica supports containing less than 1 cm3rg pore
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volume remains blocked by polymer plugs and the fragmenta-
Ž .tion does not occur or is very slow McDaniel et al., 1998 .

Some experimental studies suggest that the catalyst under-
goes continuous fragmentation during the formation of
polyethylene with the larger fragments being pushed out to-

Žward the surface where the fragmentation continues Rud-
.dick and Badyal, 1997 .

The basic morphological units of polymerization grade sili-
cas such as Davidson 952 appear to be the intermediate, mi-
crospheroidal aggregates of 0.05�0.1 �m diameter. The sup-
port lattice cracks within the first filling of the pore structure
during ethylene polymerization, but the dispersal of the re-
sulting fragments into submicrometer residues is a gradual
process which is not yet completed after a five-fold growth of

Ž . Ž .the particle Niegisch et al., 1992 . Conner et al. 1990 em-
ployed synchrotron computer microtomography to study eth-
ylene polymerization on silica-supported chromium catalysts

Ž .and observed that large fragments �30 �m are still evi-
dent at yields up to 200 g polymerrg catalyst and that poly-
mer particles comprise at least 20�30% voids of dimensions
larger than 50 �m.

So far the most detailed phenomenological model of frag-
mentation during the ethylene polymerization on silica sup-
ported chromium catalyst was introduced by Estenoz and

Ž .Chiovetta 1996 . The fragmentation process is modeled as a
sequence of discrete steps corresponding to rupture pro-
cesses in the initial porous carrier. These discrete steps in-
crease the concentration of accessible active catalyst sites.

A rigorous description of the fragmentation process should
involve the simulation of pore filling by the polymer, the cal-
culation of the stresses exerted by the polymer on the catalyst
support, and the simulation of the formation of fractures in
the catalyst support. However, this approach is complex and
computationally demanding for realistic samples of catalyst
support; for example, the polymer phase is viscoelastic, and
the large deformations of the catalyst support and formation
of fractures require frequent remeshing. The prediction of
the clogging of the pore network by the newly formed poly-
mer in the early stages of the particle growth was discussed

Ž .by Kosek et al. 2001b .
In this article we approximate the fragmentation process

by a geometrical scheme which is computationally more feasi-
ble and which approximates the fragmentation. We start from

Ž .two major assumptions: i the fragments are mostly convex
Ž .objects; and ii the surface of the newly formed fractures is

minimal. The second assumption neglects the distribution of
dislocations in the catalyst carriers since we are trying to lo-
cate the bottlenecks of the solid-phase. The algorithm which
calculates the location of fractures completely satisfying the
two previous criteria will be based on stochastic optimization,
and the computational cost of this algorithm is high. There-
fore, we propose two simplified algorithms capable of finding
only near optimal solutions of the fragmentation problem.
The challenging question of the dynamic modeling of the
fragmentation process and estimation of its time scale is
raised and discussed in the last section.

Two methods of geometrical analysis of fracturing the
Ž .porous catalyst support were developed: i a method based

on Delaunay tessellation generalized to 3-D space with non-
Ž .Euclidean metrics; and ii a method disconnecting the

‘‘weak’’ points of the skeleton of the solid-phase obtained by

conditional thinning. These algorithms allow us to estimate
the number of catalyst fragments, their positions, sizes and
catalytic activities, but not the detailed dynamic mechanism
of the fragmentation process. The objective of the study is to
simply link the structure of porous catalyst support with the
final performance characteristics of the catalyst, such as dis-
tribution of fragment sizes and their activities.

Fragmentation based on generalized
Delaunay tessellation

The starting point is the catalyst support as described by
Ž .the binary discrete phase function Z x , that is, a binary 3-D

matrix. The catalyst carrier consists of the pore space ele-
ments and of the solid-phase elements. In the first step, the

Ž .function T x specifying the distance of every solid-phase el-
ement from the nearest pore element is calculated and this
function encodes the bottlenecks of the solid phase structure
in a suitable format. Then, in the second step, the propaga-
tion of fictious autocatalytic fronts through the solid phase
allows us to locate approximate positions of these solid-phase
bottlenecks where the fractures are assumed to occur. The
purpose of the autocatalytic front is to provide a tool for
measurement of distances in complex geometries, cf.
ˇ Ž .Stepanek et al. 2000 .ˇ ´

Two types of non-Euclidean metrics were used for the cal-
Ž . Ž .culation of distances: i ‘‘Manhattan’’ city block distance; or

Ž .ii ‘‘Chessboard’’ distance. Let x and x be two elementsP Q
Ž . Ž .with 3-D coordinates x s x , y , z and x s x , y , z .P P P P Q Q Q Q

Ž .Then, the distance between these two elements d x , x isP Q
defined as

M A � � � � � �d x , x s x y x q y y y q z y zŽ .P Q P Q P Q P Q

Manhattan 11Ž .
CH � � � � � �d x , x smax x y x , y y y , z y zŽ . Ž .P Q P Q P Q P Q

Chessboard 12Ž .

Let us note that contrary to Euclidean metric these distances
Ž .are always integer numbers. The function T x is defined as

the distance of x from the nearest pore element

T x smin d x , xŽ . Ž .Ž .P
x P

where x belongs to pore spaceP

Z x s1 13Ž . Ž .P

Ž .where the distance d x, x is either the Manhattan or theP
Chessboard distance given by Eq. 11 or 12, respectively.

The algorithm used for the calculation of the distance
Ž .transform T x is simple. The elements of the phase space

Ž .Z x are scanned until all distances from the pore space are
calculated. In the first step, we assign the value ‘‘0’’ to ele-

Ž . Ž .ments in T x corresponding to pore space elements in Z x .
Ž .In the second step we assign distance ‘‘1’’ to elements in T x

corresponding to the solid phase adjacent to the pore ele-
Ž .ment according to Z x . In the third step we assign distance

Ž .‘‘2’’ to each still unassigned solid element in T x which is
Ž .adjacent to an element already assigned by ‘‘1’’ in T x . In
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the subsequent steps we assign positive integers in an analo-
Ž .gous way until there are no unassigned elements in T x . Two

elements x and x are adjacent if their ‘‘Manhattan’’ orP Q
Ž .‘‘Chessboard’’ distance d x , x is equal to 1. Let us illus-P Q

trate the difference between the ‘‘Manhattan’’ and the
M AŽ . CHŽ .‘‘Chessboard’’ distance transforms T x and T x on an

illustrative example considering the 5�5 square where only
the single central element is a pore and all other elements
represent the solid-phase

0 0 0 0 0
0 0 0 0 0

Z x s 14Ž . Ž .0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

4 3 2 3 4
3 2 1 2 3

M AT x sŽ . 2 1 0 1 2
3 2 1 2 3
4 3 2 3 4

2 2 2 2 2
2 1 1 1 2

CHT x s 15Ž . Ž .2 1 0 1 2
2 1 1 1 2
2 2 2 2 2

The next step of the algorithm consists in finding the local
Ž . Ž .maxima in T x . The elements of Z x with the same dis-

Ž Ž ..tance to the pores given by T x forming a connected set
Ž .can be grouped into clusters. The elements x s x , y , zP P P P

Ž .and x s x , y , z having the same distance to the poresQ Q Q Q
are adjacent if one of the following conditions holds

T x sT x and d M A x , x s1 16Ž . Ž . Ž . Ž .P Q P Q

T x sT x and d M A x , x F2Ž . Ž . Ž .P Q P Q

and dCH x , x s1 17Ž . Ž .P Q

T x sT x and d M A x , x F3Ž . Ž . Ž .P Q P Q

and dCH x , x s1 18Ž . Ž .P Q

Ž .where the condition Eq. 16 requires that two cubic ele-
Žments x and x are the first nearest neighbors that is, theyP Q

. Ž . Žare wall adjacent , whereas the conditions Eq. 17 or Eq.
.18 allows the neighboring cubic elements to be second and

Ž .third nearest neighbors that is, edge and corner adjacent ,
respectively. The cluster is then the set of adjacent elements
according to one of the above definitions. The local maxi-

Ž .mum of T x can be defined as the cluster of a value j with
no adjacent cluster with a value greater than j. The condition
Ž .Eq. 16 was used for the ‘‘Chessboard’’ while the condition
Ž .Eq. 17 was used for the ‘‘Manhattan’’ metrics, respectively.

The basic idea behind the determination of the fracture
Ž .locations is the simulation of formal fictitious autocatalytic

reaction-diffusion front spreading out from the local maxima
Ž .of T x . The location where two fronts encounter is assumed

to be the fracture location. The propagation of the front was

Figure 2. Delaunay tessellation algorithm.
Comparison between the ‘‘Manhattan’’ and the ‘‘Chess-
board’’ metrics. The spreading of the reaction-diffusion

Ž .fronts from local maxima of the distance transform T x of
Ž .the original phase function Z x . The solid phase is marked

by a light-gray color, the pore space is white, dark-gray color
marks the spreading fictious autocatalytic fronts, and black
color identifies the fracture locations.

implemented by considering the diffusion of a pseudo-species
A and its reaction inside the solid-phase of the catalyst. Please
note that the spreading of autocatalytic front is only hypo-
thetical and is only used for the solid-phase geometry analy-
sis. A similar concept was applied to the analysis of the tortu-

ˇ Ž .osity of the pore space by Stepanek et al. 2000 .ˇ ´
The function of this algorithm is illustrated in Figure 2 on

the example of simple 2-D porous structure for both the
‘‘Manhattan’’ and ‘‘Chessboard’’ metrics. The local maxima of

Ž .the distance transform T x of the original phase function
Ž .Z x are marked by the dark gray color on the left-most pic-

tures in Figure 2. The advance of propagating autocatalytic
fronts is shown on consecutive pictures. The fractures, that
is, the locations where the distinct fronts meet are marked in
a black color on the right-most images in Figure 2.

Let us assume pseudo-species A and B reacting according
to the following autocatalytic reaction

AqB™2 A

Let us also assume that these two species are the only species
present inside the solid-phase and that they diffuse through
the solid-phase, but cannot diffuse into the pore space. The
diffusion and consecutive reaction can be described by the
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simple partial differential equation

	 y
2sD� yqky 1y y 19Ž . Ž .

	 t

where t is the time, y is the mole fraction of species A, D is
the local diffusion coefficient, and k is the rate constant. The
boundary conditions are defined by the geometry of the
solid-phase and by the assumption of no flux through the in-
terface solid�pore phase. The initial conditions are

y ts0Ž .

1 for elements belonging to local maxima of T x ,Ž .
s ½ 0 elsewhere in solid and pore phases.

20Ž .

The species A is, thus, present at the start of the simulation
Ž .only at the local maxima of T x from which it diffuses to

neighboring elements where it reacts. The autocatalytic reac-
tion ensures that the spreading front remains ‘‘steep.’’ The
propagating front disappears when it reaches the pore space
boundary or another propagating front. The propagation of
autocatalytic fronts will stop after a certain time as all B is
consumed by the reaction.

The diffusion coefficient D in Eq. 19 is a function of the
Ž .local value of the distance transform T x


w xD x s� T x 21Ž . Ž . Ž .

where � and 
 are tunable parameters. The proper setting
of � and 
 cause the front to advance more quickly in loca-
tions which are far from pores than in those near to pores.
Since it is advantageous to set the relative high value of 
 ,
we used 
s6 in our simulations. The ratio between � and
the rate constant k should keep the spreading front diffusion
controlled so the propagating front remains steep.

The parabolic partial differential Eq. 19 was processed by
the finite-elements method, where the individual finite ele-

Ž .ments correspond to elements of the phase function Z x .
The record of the actual advance of the propagating fronts

Ž .during the dynamic simulation is kept in the matrix R x .
This matrix helps us to mark the locations where the spread-
ing fronts encounter. In our program code we first assign a
distinct positive integer number to every local maximum from
Ž . Ž . Ž .T x , store it in R x and all other elements of R x are

zeroed. Then, we check the value of y in each element dur-
ing the simulation. When the fraction of species A is close to

Ž .one such as, y�0.9 in the element x , we consider that theE
autocatalytic front has already passed through it. We also

Ž .check the values of R x of all adjacent neighbors of x andE
identify one of the following two cases:
Ž .1 The same positive number g has been assigned to sev-

Ž .eral neighbors of x in R x . In this case we assign the valueE
Ž .g to R x and continue in the scanning of propagating frontsE

or in the integration.
Ž .2 Different positive numbers have been assigned to the

Ž . Ž .neighbors of x in R x . This means that two or more dis-E
Ž .tinct fronts have met. Hence, we mark the element R x asE

the fracture location. Then we continue in the scanning of
the remaining elements or in the integration.

When the positive integers are assigned to all elements in
Ž . Ž .R x corresponding to solid-phase from Z x , the fracture

identification process is terminated. Let us note that the
number of resulting fragments is the same as the number of

Ž .local maxima of T x .
Let us note that the ‘‘Manhattan’’ metrics predicts a higher

number of catalyst fragments than the ‘‘Chessboard’’ metrics.
This difference exists although we implemented condition 16
for the ‘‘Chessboard’’ and condition 17 for the ‘‘Manhattan’’

Ž .metric in the search for local maxima of T x . The use of the
condition 18, which allows the adjacent cubes to share only
one vertex, leads to an even smaller number of fragments
w Ž .xthat is, smaller number of local maxima of T x .

Disconnection of the skeleton obtained by conditional
thinning

Another method of analysis of the geometry of the porous
Žmedium, especially the network connectivity of the pore or

. Žsolid phase, is based on finding the skeleton of the pore or

.solid space. The skeletonization of the porous medium by
the homotopic thinning, analysis of its topological character-
istics, and determination of connected and percolating com-

Ž .ponents was studied by Thovert et al. 1993 .
Ž .In a later work, Liang et al. 2000b extracted the skeleton

of pore space using an improved parallel thinning algorithm
Ž .introduced by Ma and Sonka 1996 . Once the skeleton is

( )Figure 3. Skeletonization conditional thinning and the
skeleton disconnection applied to a 2-D
porous medium.
Ž . Ž .a Original porous medium, cubes mark the solid phase; b

Ž . Ž .skeleton of the solid phase; c skeleton of the pores; d
Ž .disconnection of the solid phase at its ‘‘weak’’ points; e dis-

connection of the pore space at its bottlenecks.
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Table 2. Geometrically Based Fragmentation Analysis of
Porous Samples: Comparison of Different Algorithms�

Sample Porosity Method Number of A A A rAP F F P
Size of Sample Fragments

A 0.37 TH 47 71,050 12,387 0.17
64�64�64 MA 325 94,882 1.34

CH 158 65,856 0.93
D 0.47 TH 104 96,022 14,742 0.15

64�64�64 MA 575 92,056 0.96
CH 326 66,884 0.70

B1 0.20 TH 25 6,652 5,079 0.76
64�64�8 MA 36 9,494 1.43

CH 17 5,798 0.87
C1 0.44 TH 48 9,618 3,178 0.33

64�64�8 MA 76 9,126 0.94
CH 38 4,958 0.52

E2 0.60 TH 35 10,999 1,890 0.17
64�64�8 MA 102 6,430 0.58

CH 59 3,962 0.36
F1 0.32 TH 23 10,888 4,075 0.37

64�64�8 MA 118 15,660 1.43
CH 46 8,724 0.80

F2 0.29 TH 20 8,894 4,343 0.49
64�64�8 MA 77 12,232 1.37

CH 29 5,536 0.62

�A is the area of the surface of the original porous sample, A is theP F
area of newly formed fractures, TH is the skeletonization based algo-

Ž .rithm conditional thinning ; MA is the Delaunay tessellation with the
‘‘Manhattan’’ distance metric; CH is the Delaunay tessellation with the
‘‘Chessboard’’ distance metric.

obtained, its vertices and edges could be identified as well as
the minima in the cross-section area of pores along the skele-
ton branches, which correspond to bottlenecks of the pore
space.

Figure 4. Fragmentation algorithms on the section of
the pore space with thickness 64�64�8
( )sample ‘‘E2’’ from Table 2 .

We applied a similar method not to the pore space, but to
the solid phase in order to find the bottlenecks of the skele-
ton of the solid phase. It is again assumed that the disconnec-

Ž .tion fracture of the solid phase occurs at the ‘‘weak’’ bottle-
neck points. The skeletonization extracts the information
about the topology and the connectivity of the porous object.
The elements of the object are removed until only the skele-
ton remains. This process is called ‘‘thinning’’ in the terminol-
ogy of mathematical morphology. An illustrative example of
the object and its skeleton is shown in Figures 3a and 3b.

We employed the fully parallel 3-D thinning algorithm de-
Ž .scribed by Ma and Sonka 1996 that preserves the original

connectivity of the processed phase. During the thinning, an
object element is removed if its neighborhood satisfies any of

Ž .the deleting templates, cf. Ma and Sonka 1996 for details,
and thinning ends when no additional object element could
be removed. The elements of a resulting skeleton can then be
classified as:
Ž .1 Line-end elements if they have only one neighboring el-

ement;
Ž .2 Edge elements if they have two neighboring elements;

or
Ž .3 Vertices elements if they have three or more neighbor-

ing elements.

Figure 5. Fragmentation algorithms on the sample of the
(pore space of the size 64�64�64 sample ‘‘D’’

)from Table 2 .
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Figure 6. Characteristics of fragments presented as
distributions.
Analysis of the sample ‘‘D’’ by Delaunay tessellation with
Chessboard metrics. The last histogram shows the average
fraction of fragment surface potentially covered by the cata-

Ž .lyst, A r A q A , where A is the surface of fracturespi pi Fi Fi
for the ith fragment and A is the original area of the ithPi
fragment at the pore interface.

The cross-section area of the solid-phase perpendicular to
the skeleton edge is calculated along all skeleton branches of
the solid phase. The solid phase is then disconnected at the
points corresponding to the absolute minima of that cross-

Ž .section area for every skeleton edge Liang et al., 2000a . The
illustration of this method is shown in Figure 3.

Results of catalyst fragmentation
Several samples of porous media have been reconstructed

to test and compare our fragmentation algorithms. The
overview of results is shown in Table 2. Since it is difficult to
visualize the fragmentation of the cube composed of 64�64

Ž .�64 voxels samples A and D , the slices of this cube with
the dimension 64�64�8 were also processed for illustration.
The skeleton of the solid phase obtained by the conditional
thinning algorithm, fractures predicted by the skeleton dis-
connection, and by the Delaunay tessellation algorithm with
the ‘‘Manhattan’’ or ‘‘Chessboard’’ metrics are presented for
two selected samples in Figures 4 and 5. Several characteris-
tic distributions of fragments are shown in Figure 6.

The results of Delaunay triangulation with ‘‘Chessboard’’
metrics appear to be close to typical fracture images. The
same fragmentation method with the ‘‘Manhattan’’ metrics
provides a large number of very small fragments. Let us re-
call that the number of fragments depends on the number of

Ž .local maxima in the function T x specifying the distance of
the solid element from the nearest pore. The algorithm based
on the skeleton disconnection is limited by the strict require-
ment of planar fractures. Therefore, the fragmentation for
this algorithm looks quite artificial, especially for samples with
a low porosity.

Figure 7. Dependence of the interphase area, that is, the
total surface area of the solid phase, on the

(porosity of the catalyst sample before its
)fragmentation .

The porous structure was reconstructed five times for each
value of porosity.

A number of porous samples with the same correlation
function, but with a varying porosity, has been reconstructed
and analyzed by our algorithms. The size of all these samples
was 64�64�64. The interphase area, that is, the surface of
pores depends on porosity, as can be seen from Figure 7.
This area is assumed to be covered by the catalytically active
sites, while the area of newly formed fractures is catalytically
inactive. The dependence of the interphase area on the
porosity has a maximum at the porosity of 0.5 for the recon-
structed porous media.

The dependence of the newly formed fractures on the
porosity obtained for every fragmentation algorithm is shown
in Figure 8. The used algorithms provide significantly differ-
ent predictions at low porosities, while the results for porosi-
ties larger than 0.5 are similar. A qualitatively different out-
put of the skeleton disconnection is observed for small
porosities and the area vs. porosity dependence of this algo-
rithm has a maximum. The total area of fractures predicted
by tessellation with ‘‘Chessboard’’ and ‘‘Manhattan’’ metrics
decreases along the porosity axis.

The dependence of the number of fragments on the poros-
ity is shown on Figure 9, and this dependence has a flat maxi-
mum. High variance of the results obtained for several recon-
structed porous media can be observed, especially in the case
of skeleton disconnection. The possibility of a reduction of
this variance by increasing the dimension of reconstructed
samples is going to be the subject of simulations on larger
parallel computers.

The average activity of fragment surfaces is displayed in
Figure 10. Here, the activity of a fragment is defined as the
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Figure 8. Dependence of the area of fractures formed
by the fragmentation on the porosity of the
catalyst sample for the three considered algo-
rithms, where ‘‘Thinning’’ is the skeletoniza-
tion-based method, and ‘‘Chessboard’’ and
‘‘Manhattan’’ are Delaunay tessellations with
respective metrics.
The porous structure was reconstructed five times for each
value of porosity.

Ž .ratio A r A q A , where A is the area of the solid�poreP P F P
Žinterface before the fragmentation started that is, the area
.potentially covered by active catalyst species and A is theF

area of the newly formed fractures. We can again observe a
qualitative difference among the results of skeletonization al-
gorithm and predictions by the other two algorithms for
porosities lower than 0.3, but satisfactory agreement for
higher values of porosity. As the porosities of catalyst carriers
are usually large, we can conclude that the agreement among
the predictions is satisfactory for practical values of porosi-
ties.

Our calculations show that the dependence of surface area
accessible to active catalyst sites A on porosity � has a max-P
imum for porosity around �s0.5. The large porosity gener-
ally allows for an easier fragmentation and faster transport
through the porous structure, but the ‘‘active’’ surface area
A is small. On the other hand, the catalyst support with aP
small porosity is more difficult to fragment since the newly
formed surface of fractures A is large. However, experi-F
mental data indicate that the mean pore diameter and other
characteristics of porous catalyst carriers are also important

Ž .for catalyst performance Furtek, 1987 .

Conclusions and Prospects
This work illustrated the usefulness of pore space recon-

struction as a mean of relating effective transport properties
of porous catalyst and polymer particles to the geometry and

Figure 9. Dependence of the number of fragments on
the porosity of the catalyst sample for the
three considered algorithms, where ‘‘Thin-
ning’’ is the skeletonization-based method,
and ‘‘Chessboard’’ and ‘‘Manhattan’’ are De-
launay tessellations with respective metrics.
The porous structure was reconstructed five times for each
value of porosity.

topology of the pore phase obtained from microscopy images.
Effective transport properties are calculated with no tunable
parameters and effective mechanical properties could be also

Ž .calculated Adler and Thovert, 1998 . However, predictions
of transport properties could be somewhat inaccurate be-
cause of the inability of simple reconstruction methods to ac-
curately reflect the contributions of pores smaller than the
considered spatial resolution of the system. The problem of
porous materials with broad pore-size distributions is ad-

Ž .dressed, for example, by Mourzenko et al. 2001 .
The output of the fragmentation analysis are the positions

of the fragments in the space and the size, area, and activity
of each fragment. These results can be used as input parame-
ters to the next stage of particle morphology modeling. One
catalyst fragment forms the core of the so-called micrograin
in the multigrain concept, where the catalyst fragment is sur-
rounded by the layer of the produced polymer. The growth of
micrograins and mutual viscoelastic interactions between the
micrograins have to be simulated in order to describe the
evolution of particle morphology, and the effective transport
properties in the polymer particle could be calculated simul-

Ž .taneously Grof et al., 2001 . The problem of particle mor-
phogenesis was also studied by the effective-scale model em-
ploying the buildup and relaxation of elastic tensions inside

Ž .growing particles Kittilsen et al., 2001 .
The porous structure of the catalystrpolymer particles in

the early stage of its growth could be alternatively repre-
sented by the agglomerate of spherical microelements of two
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Figure 10. Dependence of the average fraction of frag-
ment surfaces covered by the catalyst on the
porosity of the catalyst sample for the three
considered algorithms, where ‘‘Thinning’’ is
the skeletonization-based method, and
‘‘Chessboard’’ and ‘‘Manhattan’’ are Delau-
nay tessellations with respective metrics.
The porous structure was reconstructed five times for each
value of porosity.

types representing the catalyst and polymer phases. Mi-
croelements considered are subjected to elastic and viscoelas-
tic interactions. A mathematical model based on such a rep-
resentation also takes into account the time scale of the frag-
mentation and the magnitude of stresses causing the fractur-
ing of catalyst support.

It is questionable whether the observations made in care-
fully controlled experiments performed under mild condi-
tions of slow polymerization are applicable to typical process
conditions in industrial reactors. The modeling could thus be-
come a powerful tool suitable for analysis of fragmentation
processes at faster polymerization rates.

Scarce experimental data are available on the distribution
Ž .of active catalyst sites or potential sites as their precursors

in porous carriers. Strong experimental input required for our
modeling studies could benefit from controlled experiments,
such as from the specifically designed distribution of active

Žcatalyst on the silica substrate Goretzki et al., 1999; Thune¨
.et al., 1997 . Polymerization of olefins on zeolite supports,

such as ZSM-5 or MCM-41, with a well-defined pore struc-
ture and a narrow pore-size distribution, could also bring sig-
nificant progress to the understanding of catalyst fragmenta-

Ž .tion Vaya et al., 2001 .´
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